Following [1], we carry out one loop tests of higher spin AdS d+1 /CFT d correspondences for d ≥ 2. The Vasiliev theories in AdS d+1 , which contain each integer spin once, are related to the U (N ) singlet sector of the d-dimensional CFT of N free complex scalar fields; the minimal theories containing each even spin once -to the O(N ) singlet sector of the CFT of N free real scalar fields. Using analytic continuation of higher spin zeta functions, which naturally regulate the spin sums, we calculate one loop vacuum energies in Euclidean AdS d+1 . In even d we compare the result with the O(N 0 ) correction to the a-coefficient of the Weyl anomaly; in odd d -with the O(N 0 ) correction to the free energy F on the d-dimensional sphere. For the theories of integer spins, the correction vanishes in agreement with the CFT of N free complex scalars. For the minimal theories, the correction always equals the contribution of one real conformal scalar field in d dimensions. As explained in [1], this result may agree with the O(N ) singlet sector of the theory of N real scalar fields, provided the coupling constant in the higher spin theory is identified as G N ∼ 1/(N −1). Our calculations in even d are closely related to finding the regularized a-anomalies of conformal higher spin theories. In each even d we identify two such theories with vanishing a-anomaly: a theory of all integer spins, and a theory of all even spins coupled to a complex conformal scalar. We also discuss an interacting UV fixed point in d = 5 obtained from the free scalar theory via an irrelevant double-trace quartic interaction. This interacting large N theory is dual to the Vasiliev theory in AdS 6 where the bulk scalar is quantized with the alternate boundary condition.
Introduction and Summary
The correspondence between large N supersymmetric gauge theory and string theory in AdS backgrounds [2] [3] [4] has been a fruitful area of research for quite some time. Aside from teaching us valuable lessons about quantum gravity, the AdS/CFT correspondence leads to many concrete predictions about the behavior of strongly coupled gauge theory. While a great deal of evidence has been accumulated in favor of the correspondence (see [5] for a review of the results found using exact integrability), a proof is yet to be found. This is probably due to the fact that the AdS/CFT correspondence often relates pairs of very complicated theories, for example the maximally supersymmetric SU (N ) gauge theory in four dimensions and type IIB string theory on AdS 5 × S 5 .
In this paper we will explore a different class of AdS/CFT conjectures, where the dynamical fields in the CFT are N -component vectors rather than N × N matrices. This makes such "vectorial" large N field theories more tractable, and a number of concrete AdS/CFT conjectures for them have been made [6] [7] [8] [9] [10] [11] [12] [13] [14] (see [15] for a review). For instance, consider a d-dimensional CFT of N free complex or real scalar fields restricted to the U (N ) or O(N ) singlet sector [6] . Such theories possess an infinite set of higher-spin conserved currents; therefore, the dual AdS d+1 description must contain an infinite set of interacting massless gauge fields [16] . Thanks to the many years of work by Vasiliev and collaborators, the classical non-linear equations for such theories have been found in various dimensions [17] [18] [19] [20] [21] [22] [23] [24] .
In particular, a formulation of the higher spin theory in AdS d+1 for arbitrary dimension d was obtained in [23] . The spectrum of the simplest version of this model contains a tower of totally symmetric massless gauge fields, one for each positive integer spin, plus a scalar with m 2 = −2(d − 2)/ 2 (here is the AdS radius of curvature, which we will often set to 1). This value of m 2 is above the Breitenlohner-Freedman [25] bound m of imposing the singlet constraint is by coupling to the Chern-Simons gauge theory [9, 10] ; in higher d, one could contemplate coupling to some topological gauge theory.
In AdS 4 , the Vasiliev non-linear equations have been formulated in a particularly nice form by using twistor-like variables [18, 19] . There exist two parity invariant versions of the AdS 4 Vasiliev theory, commonly called type A and B. In the former the spin zero field has positive parity, while in the latter it has negative parity. The type A Vasiliev theory, which includes each integer spin once, has been conjectured to be dual to the U (N ) singlet sector of the theory of N massless complex scalar fields [6] , while the type B theory has been conjectured to be dual to the theory of N massless fermions [7, 8] . There also exists 1 The other possible dimension, ∆ = 2, is above the unitarity bound only for d < 6. For 2 < d < 4, it corresponds to the dimension of the scalar operator in the Wilson-Fisher IR fixed point of the large N theory with λ 4 (φ i φ i ) 2 interaction. This critical theory in d = 3 corresponds to Vasiliev's type A theory in AdS 4 with the ∆ = 2 scalar boundary condition [6] . For d > 4, there exists a large N UV fixed point of the interacting scalar theory at a negative value of λ [27] . This UV fixed point in d = 5, which should correspond to Vasiliev's theory in AdS 6 with the ∆ = 2 scalar boundary condition, will be discussed in Section 4.3. a projection of the type A/B theory to the minimal theory containing even spins only, which has been conjectured to be dual to the O(N ) singlet sector of the theory of N real massless scalars/fermions. At the level of the 3-point functions these conjectures have been checked at leading order in N [27] [28] [29] [30] [31] [32] [33] [34] [35] . The Vasiliev theory in general dimensions [23] , whose spectrum is dual to that of the U (N ) or O(N ) singlet sector of d-dimensional scalar CFT, is a generalization of the type A model in AdS 4 .
2 A first step towards computing holographic correlation functions in such higher spin theory in general dimensions has been taken in [37] .
Another possible test of the higher-spin AdS/CFT dualities, suggested in [38] , is to match the d-sphere free energy F = − log Z S d with a corresponding calculation of integrated vacuum energy in Euclidean AdS d+1 , i.e. the hyperbolic space H d+1 . The bulk partition function takes the form
The leading classical term of order 1/G N in the bulk must match the term of order N in the field theory free energy on S d . Unfortunately, such a comparison appears to be hard, since the classical action for Vasiliev theory is currently not well understood. Luckily, it is known that the fluctuations of each massless spin s field must be governed by the standard quadratic actions in AdS d+1 , and the one-loop correction to the vacuum energy is known for each spin [39, 40] . In [1] a regularized sum over these vacuum energies, F with the boundary condition corresponding to operator dimension ∆ = 1, the regularized sum was found to vanish: F (1) = 0. This is the expected result for the O(N 0 ) correction to F in the theory of N free complex scalar fields. A more surprising result was found for the minimal Vasiliev theory with even spins only, where the regularized sum turned out to
This equals the F -value for a single real scalar field [38] . This one loop correction may be consistent with the duality proposed in [6] , provided there is a shift N → N − 1 in the identification of the bulk coupling constant: 1/G N ∼ N − 1.
A similar sum over one loop vacuum energies was also briefly discussed for the Vasiliev 2 The higher spin theory dual to massless free fermions in general dimensions would have to involve higher spin fields of more general mixed symmetry type [36] , and the corresponding non-linear theory has not been constructed in detail yet. 3 Closely related results were later found [41] using the collective field approach to the d = 3 scalar theories [42] [43] [44] , where it is important to include the contributions of the path integral measure. theories in Euclidean AdS 5 [1] . In this case, the regularized volume of EAdS 5 , i.e. the hyperbolic space H 5 , contains a logarithmic divergence ∼ log R, where R is the radius of S 4 at the boundary. Hence, the appropriately normalized vacuum energy must be compared with the a-coefficient of the Weyl anomaly in the dual field theory. It was found [1, 45] that the contribution of the s = 0 field vanishes, while for each s > 0 the appropriately gauge fixed contribution is
Using the Riemann zeta-function to regularize the divergent sum over s [1, 45] , the sum over all integer spins vanishes: a (1) = 0. In the minimal theory the sum over even spins is [1]
which is the a-coefficient for a real scalar field in d = 4.
times the anomaly a-coefficient of the Fradkin-Tseytlin conformal spin s theory in four dimensions [46] , recently calculated for general spin in [45, 47] .
Thus, the vanishing of the regularized sum of (1.3) over all integer spins is related to the fact that the the d = 4 interacting conformal higher spin theory, which includes each integer spin once [48, 49] , has a vanishing Weyl a-anomaly [45] . The d = 4 interacting conformal higher spin theory including each even spin once has the zeta function regularized Weyl anomaly a-coefficient −1/45, which is minus that of a conformal complex scalar field. Thus, it is plausible that there exists a consistent d = 4 conformal theory of even spin fields coupled to a conformal complex scalar field.
In this paper we will show that the results found in [1] for Euclidean AdS 4 and AdS 5
generalize to all AdS d+1 with d ≥ 2. Namely, we will show that the appropriately regularized sum over one loop vacuum energies vanishes for the theory including all integer spins and equals the contribution of a single real conformal scalar field on S d for the minimal theory with even spins only. 4 For a conformal theory in odd d, the S d free energy is a well-defined finite number independent of the sphere radius R, which is obtained after subtracting powerlaw divergences. In even d, one instead has F = a log R, where a is a Weyl anomaly 4 In [1] it was also conjectured that the U Sp(N ) singlet sector of the theory of N free complex scalar fields, where N is even, is dual to the husp(2; 0|4) Vasiliev theory in AdS 4 . The latter theory contains one field of each even spin and three fields of each odd spin [22] . This conjecture can also be generalized to all d ≥ 2 and tested using the same calculations as are necessary for the integer spin and the even spin theories. For all d the regularized sum over one loop vacuum energies in AdS d+1 is then found to be equal to minus the contribution of a conformal complex field on S d . Taking G are also closely related [1, 45] to finding the a-anomalies of conformal higher spin (CHS)
theories: a CHS = −2a (1) . In each even d we, therefore, find two candidate CHS theories with vanishing a-anomaly: a theory of all integer spins, and a theory of all even spins coupled to a standard conformal complex scalar (these CHS theories also include a spin zero field of dimension 2 with a quadratic action that contains d − 4 derivatives; it contributes to the Weyl anomaly in d = 4).
In evaluating the spin sums in d > 4 we will find that the standard Riemann zeta-function regularization is no longer appropriate. A procedure to compute the regularized functional determinants that appears to be well-defined and unambiguous is to calculate the spectral zeta-function ζ(z) [51] and analytically continue in the spectral parameter z. Camporesi and
Higuchi [39, 40] have found compact expressions for the spectral zeta function ζ (∆,s) (z) of a field of given spin corresponding to an operator of dimension ∆ in the boundary theory. The analytic continuation in the spectral parameter z nicely regulates the sum over eigenvalues for each field. Luckily, for a sufficiently large z, the infinite sum over the tower of higher spin fields converges as well. Therefore, we will define the complete "higher spin zeta function" 5) where the second term under the sum subtracts the contributions of the spin s−1 ghost fields.
In other words, we use the spectral parameter z to regulate both the sum over eigenvalues for each field and the sum over the infinite tower of fields. Then, the bulk calculation is neatly summarized by 6) where Λ is the UV cutoff. The logarithmic term arises in odd d, namely even dimensional bulk space-time, while it vanishes identically in even d. For classically conformal fields (such as the scalar or the s = 1 field in the AdS 4 theory), it is related to the bulk conformal anomaly. Note that, unless ζ HS (0) = 0, the finite part of F (1) is ambiguous because it can be changed by redefining the cutoff. As a simple but non-trivial consistency check, we will show that indeed ζ HS (0) = 0 in all d, so that the Vasiliev theory [23] is free of the logarithmic divergence in any dimension.
In even dimensions d we are able to find compact expressions for the ζ HS (z), while in odd d the calculations are more complicated. In all dimensions, we find that the regularization via the analytic continuation of ζ HS (z) is equivalent to a simpler procedure where z is continued to zero for each spin separately and then the sum over spins is evaluated using an appropriately shifted Riemann-Hurwitz zeta function, i.e.
In the next section we review the results of Camporesi and Higuchi [39, 40] and provide more detail about the calculational set-up in general dimensions.
The higher-spin spectral zeta function
Consider the Vasiliev theory in AdS d+1 [23] ; its field content is a scalar of mass
and a tower of totally symmetric higher spin gauge fields of all integer spins. Upon gauge fixing the linearized gauge invariance of the quadratic action, the contribution to the one-loop partition function of each massless field of spin s is given by the ratio of determinants [52] [53] [54] Z s = det
where the determinants are taken in the space of symmetric traceless transverse (STT) fields.
Essentially, the spin s contribution arises from the gauge field while the spin s−1 contribution is from the ghost.
These determinants can be computed by heat kernel techniques, or equivalently by means of the spectral zeta-function, which is related to the heat kernel by a Mellin transform. For a differential operator with a set of discrete eigenvalues λ n , one usually defines the spectral zeta-function as
where d n is the degeneracy of the eigenvalue λ n . In a non-compact space such as AdS, the sum turns into an integral over a continuous parameter u labeling the eigenvalues and the degeneracy into a "spectral density" function µ(u).
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The spectral zeta-function for STT fields in AdS d+1 with kinetic operator −∇ 2 +κ 2 , where κ 2 is a constant, is known explicitly for arbitrary spin and arbitrary dimension [39, 40] . It is given by the integral
with µ s (u) the spin s spectral density [40] . In even dimensions d
Note that u 2 + ν 2 is the eigenvalue of the STT eigenfunction that diagonalizes the Laplacian
Here ∆ is the dimension of the dual CFT operator, which according to the structure of the kinetic operators in (2.1) is ∆ ph s = d + s − 2 for the spin s gauge field and ∆ gh s = d + s − 1 for the corresponding spin s − 1 ghost. 6 The regularized volume of Euclidean AdS d+1 is [50, 55, 56] vol
5 For instance, in the simple example of a scalar field on flat R D with standard kinetic operator −∇ 2 + m 2 , the eigenvalues are λ(p) = p 2 + m 2 , where p is the momentum, the spectral density is µ(p) ∼ p D−1 , and the zeta function (per unit volume) is ζ(z) ∼ ∞ 0 dp p
These are the values corresponding to standard boundary conditions. The case of alternate boundary conditions for the spin s gauge fields, leading to conformal higher spin gauge theories at the boundary, was studied in [45] .
and the volume of the unit d-sphere is vol(S
. Finally, the spin factor
is the number of degrees of freedom of a STT spin s field.
In terms of the spectral zeta-function, the contribution to the one-loop free energy
where is the AdS radius of curvature, which we typically set to 1, and Λ is the UV cut-off.
The coefficient ζ (∆,s) (0) of the logarithmic term vanishes for even boundary dimension d but is non-zero for odd d. For the Vasiliev theory in AdS d+1 , the full expression for the one-loop correction to the free energy may be written as ( 1.6), where the higher-spin spectral zeta function is 
The subtraction does not affect the contribution of s = 0, since
Near z = 0, the higher-spin spectral zeta function has new power law divergences that are absent in the theory of each individual spin, coming from the infinite sum over all spins. As explained in the introduction, we will show that a natural way to regularize these divergences is through analytic continuation in z. Even when considering a field of given spin in the bulk, it is necessary to evaluate ζ (∆,s) (z) near z = 0 by analytic continuation in z. That is, one first integrates (2.3) at large z where the integral is convergent and then evaluates the resulting expression near z = 0. Since u 2 + ν 2 is the eigenvalue of the spin s STT Laplacian, this regularization method protects the symmetries of the Laplacian. This is analogous to the zeta function regularization method used to, say, evaluate partition functions on the sphere (see, for example, [38] ). We propose that it is also natural to use z to regulate the sum over spins in the higher-spin theories with infinite towers of higher-spin modes. That is, we first evaluate (1.5) at large values of z so that the spin sum and u integrals are convergent. Then, we analytically continue the resulting, finite expression to evaluate ζ HS (z) near z = 0.
Calculations in even d
When the boundary theory is even dimensional, the d-sphere free energy is dominated by the conformal anomaly term proportional to a log R, where a is the a-type Weyl anomaly coefficient. Thus, by calculating the log R term in F (1) in AdS d+1 , we may calculate the oneloop correction to the a anomaly coefficient, which we call a (1) . For even d, ζ (∆,s) (0) vanishes for each spin individually. Thus, the contribution to a (1) comes from ζ HS (0). The log R dependence in this expression arises simply from the regularized volume of AdS d+1 (2.6).
This calculation has interesting applications to conformal higher spin (CHS) theories that have local higher-derivative actions in even dimensions d [46] . Interacting theories coupling infinite sets of such fields have been proposed [48, 49] . Using the relation of CHS fields in d-dimensions to massless higher spin fields in AdS d+1 with alternate boundary conditions, it is possible to show [1, 45] that the a-coefficient of the CHS theory is a CHS = −2a (1) . This is
By calculating the higher spin zeta function explicitly in even d, we will be able to show that for the theory containing each integer spin once, a (1) = 0. This also implies that for such CHS theories the total a-coefficient vanishes: a CHS = 0. In particular, this resolves the issue about the consistency of the d = 6 CHS theory raised in [57] . For the minimal theory containing even spins only, we find in all even d that the regularized correction to the a anomaly equals that of a real conformal scalar: a
min = a S . This implies that the total anomaly of the even spin CHS theory coupled to two real conformal scalars vanishes:
(3.1)
AdS 5
As a first illustration, let us consider the d = 4 case, i.e. higher-spin theory in AdS 5 . To evaluate ζ HS (z), we must evaluate
The first term above is subtle. The result in (2.3) is strictly only correct when ν > 0. One way to obtain the result with ν ≤ 0 is to first perform the integral assuming ν > 0 and then analytically continue in ν [45] . This method shows that the fields with ν = 0 do not contribute to ζ HS (z) near z = 0. In particular, the scalar field in AdS 5 does not contribute because it has ∆ = 2 and therefore ν = 0.
The spin sums in (3.2) may be evaluated explicitly for large enough z. For example,
Note that in going between the first and second line above we changed variables u → s −1 u.
Then, using the formula
and performing an analogous computation to (3.3) for the ghost contribution to ζ HS (z), we
Expanding this expression near z = 0, we see that ζ HS (z) ∼ O(z 2 ). This implies that a (1) = 0 in this theory.
It is also interesting to consider the minimal theory that contains even-spin fields only.
The expression for ζ min HS (z) is obtained from (3.2) by restricting the sum to run over the even spins. A straightforward computation yields the final result
Expanding this result around z = 0, we find that in this minimal theory with even spins only
This implies that a (1) = 1/90, which is exactly the a anomaly coefficient of a real scalar field.
AdS 7
As a second example, let us consider the higher spin theories in AdS 7 . In this case we have 
As expected, near z = 0 we find ζ HS (z) ∼ O(z 2 ). Thus, our higher spin zeta function regularization confirms in d = 6 that a (1) = 0, in agreement with the expected duality to free scalar theory. At the same time, this also resolves a puzzle about the a-anomaly of the d = 6 CHS theory raised in [57] . For the minimal theory with only even spin fields, a direct calculation yields the result
which implies a
(1) min = −1/756. This is exactly the a anomaly coefficient of a real conformal scalar field in d = 6, normalized so that F = a log R.
AdS 9
Let us consider the higher spin theories in AdS 9 as an additional explicit example. In this case, the full higher spin zeta function is given by
Evaluating the integral and the sum over all integer spins, we obtain the result to even spins only, we can analogously compute the full zeta function in the minimal higher spin theory. Expanding the final result near z = 0, we find in this case
This implies that a 
AdS 3
We now perform a similar central charge matching for higher spin theory in AdS 3 . Here we do not consider the case of the Gaberdiel-Gopakumar duality [12, 13] , but rather the higher spin theory whose spectrum is dual to the theory of N free scalar fields in d = 2, similarly to the cases we discuss in other dimensions. 7 In this case, we must be careful when evaluating the contribution from the scalar and vector fields to ζ HS (z). As was pointed out around (3.2), the result in (2.3) is strictly only valid when ν > 0. We use analytic continuation in ν to compute contributions with ν ≤ 0. In d = 2, we have µ s (u) = u 2 + s 2 , and g(0) = 1, g(s) = 2 for s ≥ 1. The scalar modes then require the integral
14)
The physical scalar mode has ∆ = 0 (ν = −1), and its contribution should be defined by analytic continuation from positive ν. The "physical" s = 1 field has ∆ = 1 (ν = 0) and does not contribute to ζ HS (z), while its scalar ghost with ∆ = 2 (ν = 1) does contribute.
To calculate the contribution from the modes with s ≥ 2, we may use the same method as in the higher-d cases, and we find
(3.15)
7 For a one-loop test of the Gaberdiel-Gopakumar duality, see [1] .
Near z = 0, we find the expected result: ζ HS (z) ∼ O(z 2 ). If we consider the truncation to the theory with only even spin fields, then instead we find ζ min HS (z) ∼
Then, using the normalization for the c anomaly where
log R, we see that the first correction to the c anomaly, c
(1) min = 1, is exactly that of a real scalar field, in agreement with the results found in other dimensions.
The contribution to c from the bulk field of spin s and its associated spin s − 1 ghost is
In each case, we find the relation −2c conformal spin s theory calculated in [45] using AdS 3 methods.
Alternate regulators
In general, the integrals that enter into the calculation of ζ (∆,s) (z) (2.3) in odd dimensional
AdS spaces are of the form
By rescaling u, we may completely remove the ν dependence from (3.17) and write I ex (ν) = ν p+1−2z I ex (1). At a practical level, this means that an equivalent way of regulating ζ HS (0) (or also ζ HS (0)) is
That is, first we use the spectral zeta function to calculate ζ (∆,s) (0) or ζ (∆,s) (0) for each higher spin field. Then, we sum the resulting expressions using a zeta function regulator, where the physical modes are summed with s + After performing the sums, we take the limit α → 0.
It is an interesting and non-trivial observation that (3.18) is equivalent to using the regulator scheme
This scheme may also be used to calculated ζ HS (0), with the obvious substitutions. We show the equivalence between these two regulators in a variety of examples. The regulator (3.19) may be interpreted, in some sense, as that obtained by taking the "average" of the ν coming from the physical modes and the ν coming from the ghosts. The regulator (3.19) is often the easiest to use in practice. However, it may be verified in examples that the different ways of regulating the spin sums give equivalent results.
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To illustrate the utility of the different regulators, let us revisit the higher spin theories in AdS 5 . A straightforward calculation leads to the result
We may then calculate a (1) in the theory with all integer spins using the regulator (3.19), except we replace (d − 3)/2 by x:
As expected, taking
causes a (1) to vanish. 9 In the minimal theory with only even spins, we calculate
which equals the a anomaly coefficient of a real scalar field when x = 1/2 (and also x = 0, 1).
8 Another easy to use regulator is to insert exp
into the sum over s, expand the result for small , and keep the term of order 0 . In all examples, we find that it is equivalent to the regulator (3.19). 9 Using this regulator with x = 1/2 also renders the sum over c-anomalies in the d = 4 CHS theory [48, 49] vanishing for any value of the parameter r (b) introduced in eq. (5.5) of [47] . We also find that for r (b) = −1, which gives c s = 1 90 s(1 + s)(−4 − 17s − 3s 2 + 28s 3 + 14s 4 ), this regulator makes the sum of c-anomalies over even spins equal −1/15, which is minus that of a complex scalar. These results are then analogous to our results for the a-anomalies in the CHS theories. As usual, this is −1/2 of the Weyl anomaly of the conformal spin s theory in d = 6 that was calculated in [45, 57] . 10 Using a modified form of the regulator (3.19), where
In d = 6 (AdS
is replaced by x, leads to the result 
Remarkably, we find that when we choose x = 1, 3/2, 2 such that a (1) = 0, a
min is exactly the a anomaly coefficient of a real scalar field. In general even dimension d, we have verified
and a
(1) min = a S , where a S is the a anomaly coefficient of a real scalar field. 10 We note that (3.24) applies for all integer spins including s = 0; an analogous result holds in all d ≥ 4
since the formal subtraction of the spin −1 ghosts does not affect the result. In d = 6, a . This is the a-anomaly of a standard conformally coupled scalar; indeed, in d = 6 the CHS action for s = 0 has two derivatives and is the standard conformal scalar action. In general, the kinetic term for a spin s CHS field has d − 4 + 2s derivatives [46] .
Calculations in odd d
The even dimensional AdS theories differ from the odd dimensional ones in two key ways.
First, ζ HS (0) does not vanish trivially in this case. Indeed, in even dimensional space-time there is a logarithmic divergence in the one-loop free energy (for conformal fields, this is related to the conformal anomaly), and each higher spin field contributes to this quantity.
Thus, the logarithmic term involving ζ HS (0) may vanish only after performing the properly regularized sum over all spins. Second, the spin s spectral densities µ s (u) are not pure polynomials in u. This is because of the factor tanh(πu) in (2.5). We must work harder in the odd d theories to calculate ζ HS (0) and ζ HS (0). In the following subsections we work out some explicit examples.
AdS 4
The simplest odd-dimensional example is d = 3, where we may use the identity tanh(πu) = 1 − 2(1 + e 2πu ) −1 to write
The second line above involves pure powers of u, and it may be evaluated using the methods presented in the even d section. Similarly, it is straightforward to evaluate the first term in the scalar contribution in the first line. These terms contribute (near z = 0)
Evaluating the terms with (1 + e 2πu ) in the denominator requires more work. First, we focus on ζ HS (0). Setting z = 0, we may perform the integral in the second term of the first line of (4.1):
To evaluate the third line in (4.1), we first set z = 0 and perform the integral over u. Then, we may evaluate the spin sum using the Hurwitz zeta-function regularization (3.18). We insert s − −α for the ghosts. After performing the spin sum, we take the limit α → 0:
. Evaluating ζ HS (0) is technically more involved than the calculation of ζ HS (0). We will show multiple different methods to perform this calculation, all of which lead to the same results. To begin, we may calculate the contribution of the second term (originating from the scalar mode) in the first line of (4.1). With a bit of effort, the relevant integral may be performed analytically:
The first method we illustrate for dealing with the spin sums in the third line of (4.1) is straightforward, though we must numerically calculate finite integrals at the end of the calculation. First, we take the derivative of that line with respect to z and set z = 0. Then, we regularize the spin sums by writing
and performing the sums over s at finite α. Afterwards, we evaluate the α derivative and take the limit α → 0. For example, consider the term
The other terms in the third line of (4.1) may be evaluated in the same way. However, unlike in the example above, we are not able to perform all of the final integrals over u analytically.
Performing these integrals numerically, we are able to confirm to over 20 digits of precision that with this regularization scheme
Combining the results in (4.2), (4.5), and (4.8), we then see that ζ HS (0) = 0.
The calculation in the minimal theory proceeds analogously to that presented above, and we find ζ HS (0) = 0 and ζ HS (0) = −2F S , where
is the S 3 free energy of a real scalar field. This implies, as expected, that F
(1) min = F S in this theory, as found in [1] .
Alternate regulators
Strong consistency checks of the results for ζ HS (z) near z = 0 are obtained by evaluating ζ HS (0) and ζ HS (0) with the alternate regulators presented in Sec. 3.5. In particular, we note that ζ HS (0) and ζ HS (0) were calculated in [1] using the regulator (3.19) , and the results presented there agree with those in the previous section. Below we discuss the regulators (3.18) and (3.19) in more detail.
We begin with ζ HS (0). Expressions for ζ (∆,s) (0) may be calculated by using the identity tanh(πu) = 1 − 2(1 + e 2πu ) −1 and analytically continuing in z in (2.3) [39] . In d = 3, this procedure leads to the result
Using the regulator (3.18), we then compute If instead we regulated the physical mode contribution with (s + x) −α and the ghost contribution with (s + y) −α , we would find that ζ HS (0) = 0 so long as x + y = 0. This is also true if we consider the minimal theory with only even spin fields. In particular, this result implies as a special case that if we calculate ζ HS (0) using the regulator (3.19), but with
replaced by x, we would find that ζ HS (0) if we choose x = 0. Indeed, the explicit calculation
The only real x that gives vanishing ζ HS (0) is x = 0. If we restrict to even spin fields, we find the same result:
Now we briefly discuss the calculation of ζ HS (0). That calculation was performed in detail in [1] using the regulator (3.19). We show here that the regulator (3.18) gives the same answer. Both calculations use the result [39] (see Appendix A)
where
(4.14)
Here ψ(y) =
is the digamma function, and c 0 , c 1 are s-independent constants. First we concentrate on the contribution from J (ν+3/2,s) . Using the regulator (3.18), we calculate Then, we calculate
(1 − e −t ) 2 t 4 .
(4.17)
In deriving the expression above, we first performed the integral over x (see (4.14)), then we summed over s, and then we took the limit α → 0. This is exactly the expression one finds if instead the sum is performed using the regulator (3.19), as in [1] .
A key point is that (4.17) has only pure power-law divergences in t. That is, the integrand has the expansion
Had we instead used the regulator (3.19) with (d − 3)/2 replaced by x, there would have generically been a 1/t term in this expansion.
With the correct choice of regulator, there is not 1/t term in the expansion, and we may regulate the pure power-law divergences. This procedure is described in [1] , where it is shown that (4.17) evaluates to
This exactly cancels the contribution from K (1, 0) , so that in the end ζ HS (0) = 0.
AdS 6 and beyond
In the previous section, we calculated ζ HS (0) and ζ HS (0) explicitly in AdS 4 using various equivalent regulators. In this section we primarily focus on AdS 6 , though we also mention higher dimensions. For definiteness, we use the regulator (3.19) in this section. However, we have checked that both regulating explicitly in the spectral zeta-function parameter z and using the alternate regulator (3.18) give equivalent results.
We begin with the calculation of ζ HS (0) in AdS 6 . First, we must calculate ζ (∆,s) (0):
(1 + e 2πu ) .
(4.19)
To evaluate the first integral above, we continue to large enough z so that the integral converges, then after evaluating the integral we take the limit z → 0. The second integral is convergent, and an explicit evaluation leads to The only rational x which causes the expression above to vanish is x = 1, which is exactly the value of x that corresponds to the regulator (3.19) . It is also useful to consider the theory with only even spins. We find the regulated result 23) and this implies that the theory with even spins only is also free of the logarithmic divergence when x = 1. Moreover, it may also be checked that (4.25) vanishes if the sum is over even spins only.
If we try to instead regulate these sums by inserting (s + x) −α for some x then taking the limit α → 0 after performing the sums, as was done in the d = 3 and d = 5 cases, we find that the only rational value of x which causes the sums to vanish is x = 2, consistent with the regulator (3.19) . We have checked explicitly that these conclusions continue naturally to higher dimensions through AdS 30 , and indeed we expect this procedure to work in all AdS d with d even.
We now move on to the calculation of ζ HS (0). To do this calculation, we need to evaluate ζ (∆,s) (0). A method for calculating these functions is described in Appendix A, and in AdS 6
we find the result and
As in AdS 4 , it is much easier to calculate the contribution from J (∆,s) than from K (∆,s) .
Let us begin by concentrating on the contribution of J (∆,s) to ζ HS (0). A first observation is that g(s) − g(s − 1) = γ 5 . Then, using the fact that Now we calculate the spin 0 contribution:
This contribution exactly cancels that from the higher-spin modes in (4.34) , showing that F (1) = 0 in the AdS 6 Vasiliev theory with all integer spins. Now we consider the minimal version of Vasiliev's theory in the bulk that only has the even-spin fields. A straightforward calculation shows that
when regulated using (3.19) . Then, through a calculation analogous to that above in the theory of all integer spins, we find
Above, the sum over all spins on the right hand side is given by the divergent integral in (4.32), and we already showed that once regularized this evaluates to −K (3, 0) . The remaining contribution, which we call δK even , is in fact a convergent integral over t. Performing this integral, we find
F S is exactly the S 5 free energy of a single real scalar field [38] . This then implies that is the free energy of a real scalar field on S 7 [38] .
